Electron Correlations in Partially Filled Lowest and Excited Landau Levels 
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The electron correlations near the half-filling of the lowest and excited Landau levels (LL's) are 
studied using numerical diagonalization. It is shown that in the low lying states electrons avoid pair 
states with relative angular momenta 7?. corresponding to positive anharmonicity of the interaction 
pseudopotential V(7^). In the lowest LL, the super-harmonic behavior of V{7V) causes Laughlin cor- 
relations (avoiding pairs with TZ = 1) and the Laughlin-Jain series of incompressible ground states. 
In the first excited LL, V{TZ) is harmonic at short range and a different series of incompressible 
states results. Similar correlations occur in the paired Moore-Read J^ = | state and in the v = ^ 
and I states, all having small total parentage from TZ = 1 and 3 and large parentage from TZ — 5. 
The 1/ = I and | states are different from Laughlin v = ^ and | states and, in finite systems, 
occur at a different LL degeneracy (fiux). The series of Laughlin correlated states of electron pairs 
at 1/ = 2 -f 2/((jr2 -|- 2) = |, |, ^, and | is proposed, although only in the J^ = § state pairing has 
been confirmed numerically. In the second excited LL, V{TV) is sub-harmonic at short range and 
(near the half-filling) the electrons group into spatially separated larger v = 1 droplets to minimize 
the number of strongly repulsive pair states at 7?. = 3 and 5. 
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I. INTRODUCTION 

When a pure two-dimensional electron gas (2DEG) in 
a high magnetic field fills a fraction i/ oi a, degenerate 
Landau level (LL), the nature of the ground state (GS) 
and low lying excitations are completely determined by 
their (Coulomb) interaction. The correlations induced 
by this interaction can be probed in transport or opti- 
cal measurements, and, for example, the occurrence of 
non-degenerate incompressible liquid-like GS'il at cer- 
tain values of ly is responsible for the fractional quantum 
Hall (FQH) effect.ErH In the lowest {n = 0) LL, the FQH 
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effect is observed at various filling factors v 
all being simple odd-denominator fractions. The origin 
of these fractions lies in the special form of (Laughlin) 
correlationsH which result from the short-range jCharac- 
ter of the Coulomb interaction pseudopotentialB~D in the 
lowest LL. The explanation of all the observed fractions 
involves identification of Laughlin incompressible GS's 
at u = (2p + 1)~^, where p is an iiiteger, and their ele- 
mentary (quasiparticle) excitations,EJ and the observation 
that at certain fillings vqp the quasipartielesiform Laugh- 
lin incompressible GS's of their owu.eItHI This (Hal- 
dane's) hierarchy construction predicts no incompress- 
ible GS's at even-denominator fractions, in perfect agree- 
ment with the, exp eriments in the lowest LL. Because of 
its equivalencetlHla to Haldane's hierarchy pictu£e,_J|ain's 
non-interacting composite fermion (CF) modelEjtJ also 
predicts FQH states at the same fractions. 

Quite surprisingly, the FQH effect at-. An even- 
denominator fraction has been discoveredt3~E^ in the 
half-filled first excited {n — 1) LL. The incompressibil- 
ity at i^ = 2 -t- i = I could not be explained within 
Haldane's hierarchy (or Jain's non-interacting CF) pic- 
ture and it was immediately obvious that it implied a 



different type of correlations. Since even-denominator 
Laughlin states occuri-Jpr bosons, electron pairing was 
suggested by HalperinJ23 and various explicit paired-state 
trial waveftipetiops have been constructed|-by; a number 
of authors.Erc3"E3 Although earlier theoriesBcJ suggested 
s-pairing (spin depolarization due to a small Zeeman en- 
ergy; an idea later seenjindy supported by experir 
in tilted magnetic fieldaljEj), it is now establishec'^^ 
that the V = ^ state is well described by a spin-polarized 
waveifwinction introduced by Mcpre and Read (MR).E3 
Morin3 and Rezayi and Haldanec3 compared the actual 
Coulomb eigenstates of up to 16 electrons with different 
trial wavefunctions, and found that the v = ^ GS has 
large overlap with the (particle-hole symmetrized) MREZI 
state, the phase transition between the "CF behavior" 
and pairing is driven by the strength of interaction at 
short range, and the actual Coulomb pseudopotential in 
the n — 1 LL is close to the transition point. 

While the non-Laughlin character of the v — ^ state 
follows from Haldane's "odd-denominator" rule, the type 
of correlations tiiajUcause incompressibility of other FQH 
states observedtZrEj in the n — \ LL have not yet been 
completely understood. The occurrence of the FQH ef- 
fect at such prominent Laughlin-Jain fractions as, v = 
2-|-i = |,2-h| = |,or2-hi = ^ might indicate that, 
although weakened because of reduction of Coulomb re- 
pulsion at short range, Laughlin correlations persist in 
the excited (n = 1) LL. The decrease of excitation gaps 
(e.g., the gap aiv = 1^ being smaller than aiv = i) could 
be interpreted as a direct measure of this weakening, and 
it might seem natural that only the most prominent FQH 
states of the n = LL persist at n = 1 . Consequently, 
one could try to model correlations in the excited LL's 
using some modified version of the hierarclw/j-or CF pic- 
ture. For example, it has been proposedcJ'Eil that the 



CF's are formed in excited LL as well (i.e., the electrons 
bind vortices of the many-body wavefunction - which is 
a definition of Laughlin correlations), although the ef- 
fects of CF~CF interaction (pairing) are more important 
at n = 1. On the other hand, numerical calculationg23'El 
seem to disagree with experiments by showing neither 
Laughlin correlations nor incompressibility at i/ — -^ ■r^'^^ 
example, quite different energy spectra are obtainedD for 
A^ < 11 electrons at the same value of the LL degeneracy 
(flux) corresponding to the Laughlin i^ = k filling of the 
n = and n = 1 LL's. In the n = 1 LL, the Laughlin 
quasiparticles or the magneto-roton band do not occur, 
and the excitation gap oscillates as a function of N and 
does not converge to a finite value for N —>■ oo. 

The occurrence of an incompressible GS at a specific 
filling factor results from the type of correlations that 
generally occur in the low lying states near this filling. 
Therefore, these correlations must be studied before the 
correct trial wavefunctions can be constructed (or, at 
least, before their success can be understood). The cor- 
relations near the half-filling of the lowest and excited 
LL's are the main subject of this paper. We assume 
complete spin-polarization of the partially filled LL and 
perform the numerical calculations in Haldane's spheri- 
cal geometry, where each LL has the form of a {21 + 1)- 
fold degenerate angular momentum shell. The correla- 
tions in a Hilbert space restricted to an isolated LL are 
best defined||ticaugh the occupation numbers (fractional 
parentageQ'l3E3G2l) Q for different pair eigenstates labeled 
by the relative pair angular momentum TZ. The ^(7?.) 
contains more information about the nature of a studied 
many-body state than its overlap with a trial wavefunc- 
tion. It is also easier to interpret than the real-space 
pair-correlation function g{r). 

We explain the effects of harmonic (Vh) and anhar- 
monic (Vah) parts of the interaction pseudopotential 
V = Vn + Vah on correlations, and formulate a sim- 
ple theorem which links the G{TZ) profile of low lying 
states with the sign of Vah ('7^)- The Laughlin corre- 
lations occur when Vah ('7?-) > and disappear when 
V(TZ) becomes harmonic at short range.Q'El This clarifies 
the physical meaning of the critical strength of the high- 
est pseudopotential parameter (relative to the Coulomb 
value) at which the transitiaa-between the Laughlin and 
MR phases has been found.t3o 

From the analysis of the energy spectra of A^ < 16 elec- 
trons at different values of 21 (LL degeneracy) , we identify 
three series of non-degenerate {L = 0) GS's which in the 
thermodynamic limit of A^ — > oo and N/{21 -I- 1) ^ i^ 
converge to the incompressible states at i^ = |, |, and 

the finite-size MR i' — ^ states 



|. As shown by MorfJ£^ 
occur for even N at 21 



2N + 1. The i^ 



state oc- 



curs at 21 = 3N — 7, which is different than 21 = 3N — 3 
of the Laughlin i^ = k state (the same is true for their 
particle-hole symmetric conjugates at i/ = | and |). 

The analysis of the 5(7?,) curves obtained for different 
values of N and 21 and different model pseudopotcntials 



shows that the electron correlations near the half-filling 
of the n = 1 LL depend critically on the harmonic behav- 
ior of V{TZ) at short range, (at i^ < | the CF picture with 
four attached fiuxes works and Jor example the i/ = -g- 
state has Laughlin correlationsQ). Thus, the three in- 
compressible states at i^ = |, |, and | all have similar 
(not Laughlin electron-electron, although maybe Laugh- 
lin pair-pair) correlations. In all low lying states near the 
half-filling, electrons minimize the total parentage from 
two pair states of highest repulsion, TZ = I and 3, which 
results in Q{1) « Q{3) and large value of G{5). Cusps in 
the dependence of t/(l) -|- ^(3) and G{5) on N and 21 co- 
incide with occurrence of incompressible i' — |, ^, and | 
states (similar to cusps in G{1) and G{S) in the n — LL 
signalling the Laughlin- Jain states). For the MR v — ^ 
state, the number of 7?. = 1 pairs is roughly equal to 
the half of the electron number, ^TV, which supports the 
conjecture of pairing. 

In the second excited [n = 2) LL, V{TV) is sub- 
harmonic at short range and super-harmonic at long 
range, and the minimization of energy requires avoid- 
ance of strongly repulsive pair states at the intermediate 
7? = 3 and 5, that is having 5(3) w 5(5) < 5(1) ~ 5(7). 
This is achieved by grouping of electrons into spatially 
separated v = 1 droplets. Our values of 5(1) suggest 
that in a finite system each droplet consists of three elec- 
trons. This precludes pairing in the v — % state, but not 
formation ciLlarger droplets or the charge-density-wave 
stripe ordeiSEj in an infinite system. 



II. MODEL 

We consider a system of N electrons confined on a Hal- 
dane sphereEl of radius R. The magnetic field B normal 
to the surface is produced by a Dirac magnetic monopole 
placed at the origin. The strength 25* of the monopole is 
defined in the units of fiux quantum 0o = hc/e, so that 
A-kFL^B ~ 2S4>Q and the magnetic length is A = RhlS- 
The single-particle states (monopole harmonics)Bc3'L£l 
are the eigenstates of angular momentum I > S and 
its projection m. The single-particle energies fall into 
{21 + l)-fold degenerate angular momentum shells (LL's), 
and the n-th shell has I = S + n. 

At large B, the electron-electron (Coulomb) interac- 
tion is weak compared to the cyclotron energy ?iWc, and 
the scattering between different LL's can be neglected. 
In the low lying many-electron states at a filling factor 
I'tot — '2f + V (where / is an integer and i' < 1), a num- 
ber / of lowest LL's (with n = 0, 1, . . . , / — 1) are 
completely filled. For simplicity, in the following we will 
omit the subscript 'tot' and, depending on the context, 
I' will denote either partial filling of the highest occupied 
LL or the total filling factor r^tot- 

The Coulomb interaction within a partiallv filled LL 
(with n — f) is given by a pseudopotentialjij V^^" {TZ). 
The pseudopotential V(7?.) is defined as the interaction 



energy V of a pair of particles as a function of their rel- 
ative angular momentum 7?.. On a sphere, TZ = 21 — L' 
where i' = |li + I2I is the total pair angular momentum. 
For identical (spin-polarized) fermions, TZ is an odcLinte- 
ger, and larger TZ means larger average separation.Q 
The many-electron Hamiltonian can be written as 



H — yj cjcljCkCi {ij\V\kl) + const 

ijkl 



(1) 



where cj„ (cm) creates (annihilates) an electron in state 
\l = S + f,m) of the n — f LL, the two body interac- 
tion matrix elements {ij\V\kl) are related with V{TZ) 
through the Clebsch-Gordan coefficients. The constant 
term includes the energy of the completely filled LL's 
with n < /, the cyclotron energy of the electrons in 
the n = f LL, and their interaction with the underly- 
ing (rigid) completely filled LL's, and will be omitted. 

Hamiltonian (|l|) is diagonalized numerically in Hal- 
dane's spherical geometry, for a finite number N of elec- 
trons at different values of 21, corresponding to ^ < i/|. 
The result is the spectrum of energy E a.s a function of 
total angular momentum L. The L — ground states 
(GS) separated from the rest of the spectrum by an exci- 
tation gap A represent the non-degenerate {k = 0) GS's 
an a plane. If a series of such GS's can be identified at 
increasing N and 21 = v~^N + const, and if the gap A 
does not collapse in the N -^ 00 limit, these GS's de- 
scribe an incompressible state of an infinite 2DEG at a 
filling factor 2/ + i/. 



III. FRACTIONAL PARENTAGE 

The electric conductivity and other properties that in- 
volve electron scattering depend critically on the correla- 
tions in the partially filled LL, which in turn depend en- 
tirely on the form of interaction pseudopotential V{TZ). 
The correlations are best described in terms of jthfi-fxt. 
efficients of fractional (grand)parentage (CFGP)ErLlc3'Lll 
G{TZ). The CFGP gives a fraction of electron pairs that 
are in the pair eigenstate of a given TZ, and thus Q{TZ) 
can be regarded as a pair-correlation function. The en- 
ergy E^a of a state \La) can be conveniently expressed 
through CFGP's as 



Elo. = \n{N -l)Y, Qlc.{TZ)V{TZ), 



(2) 



n 



and the normalizaton condition is ^^ Q^(TZ) = 1. The 
CFGP's also satisfy another constraint, BID 



\n{n-i)Y,QUtz)l\l' + i) 



n 



^L{L + \) + N{N-2)l{l + l), (3) 

where L' = 21- TZ. 



IV. LAUGHLIN CORRELATIONS 

The pseudopotential Vh(7?.) of the harmonic interac- 
tion Vh {r) |«c r^ within an isolated (nth) LL is linear in 
L'{L' + 1),Q and from Eqs. i^^ it follows that its en- 
ergy spectrum is degenerate at each value of L. In other 
words, the harmonic interaction (within an isolated LL) 
does not cause any correlations, which are hence entirely 
determined by the anharmonic part Vah {TZ) of the total 
pseudopotential V{TZ) = 1% (7?.) -I- Vah ("7^) • Moreover, at 
a filling factor v > (2p -I- 1)~^, most important is the be- 
havior of V{TZ) at 7?. < 2p + 1 (corresponding to the pair 
of "nearest" electrons in the Laughlin state) and at those 
values where V{TZ) changes most quickly (i.e. where the 
"effective force" ~ dT^/d(r) is the largest). The occur- 
rence of Laughlin correlations in the FQH systems and 
their insensitivity to the|-details of the pseudopotential 
result from the following flu 

Theorem 1: If for any three pair states at TZi < TZ2 < 
TZ3 (i.e., at L[ > L'2 > L'^) the pseudopotential V is 
super- harmonic (i.e., increases more quickly than linearly 
as a function of L'{V + 1); i.e., Vb_{TZi) = VH(7^3) = 
and Vh(7^2) < 0), then the many-electron energy E^ 
can be lowered (within a given Hilbert space [N,2l,L]) 
by transferring some of the parentage from Q{TZi) and 
G{TZ^) to GiTZz) without violating Eq. ^. The same 
holds in the planar geometry, except that the harmonic 
pseudopotential on a plane is linear in TZ. 

As a result, if V{TZ) is a super-harmonic at small TZ 
(at short range), the lowest energy states at each L have 
minimum possible parentage from the (most strongly re- 
pulsive) pair state at the smallest TZ. The complete 
avoidance of p pair states ed, TZ < 2p + 1 corresponds 
to a Jastrow ni<7(-^i ~ -^i)^^ i^ the many-electron wave- 
function and, in particular, the Laughlin incompressible 
// = {2p -1-1)^^ GSEJ is the only state at a given TV and 21 
for which ^(1) = 0. 



V. PAIRING AND LAUGHLIN PAIRED STATES 

If the pseudopotential is sub- harmonic at small TZ (i.e., 
at short range), for example Vh(1) = Vh(5) = and 
T4j(3) > 0, then it should be energetically favorable to 
minimize parentage from the TZ = 3 state, even at the 
cost of a large value of 5(1). Although the resulting 
TZ = 1 pairs are not formed because of any electron- 
electron attraction, but rather because of repulsion from 
the surrounding 2DEG (and thus their stability depends 
on v), the many-electron correlations can be described in 
terms of electron pairing and the (possibly simpler) cor- 
relations between pairs. On a sphere, each TZ = 1 pair is 
a boson with the total angular momentum ofl2 = 21 ~ I. 
The two-boson pair states are labeled by the total angular 
momentum Lj = 2I2 — TZ2 where TZ2 is an even integer, 
and the pair-pair interaction is defined by an effective 
pseudopotential V2{TZ2). The Pauli exclusion principle 



applied to individual electrons results in a hard core at a 
number p2 = 2 ofJowest values of TZ2 (similar to that of 
charged excitonsE3), so that 7?.2 > 2p2 for all pairs. Such 
hard core can be accounted for by a mean field (MF) com- 
posite boson (CB) transformation with 2p2 flux quanta 
attached to each boson. The CB transformation gives an 
effective CB angular momentum I2 = h — P2{N2 — 1), 
where N2 is the number of pairs. In the CB picture, all 
many-boson L-multiplets can be obtained by addition of 
N2 angular momenta I2 of individual CB's (without an 
additional hard core). For example, the v ^ 1 state of 
electrons corresponds to the condensate of CB's in their 
only available ^2=0 state. If the pair-pair pseudopoten- 
tial V2(7?.2) is super-harmonic (and I2 > 0), an additional 
MF CB transformation attaching an even number of 2q2 
fluxes to each pair can be applied to select the lowest 
energy band of paired states which avoid a number of (72 
lowest values of 7?.2 beyond the hard core. The electron 
and CB flUing factors, in the N ^ 00 limit defined as 
ly — N/21 and 1^2 — N2/2I2, are related by 



7 5 3 1 



31 



7 5 3 1 



(4^2)" 



1 



(4) 



and, for example, the series of Laughlin correlated CB 
states at i^2 — ^i ^; j^ ^^^^ ^ occur at the electron 
filling factors v — i, |, i, and |, respectively. It 
is quite remarkable that, coincidentally, some of the 
most prominent odd-denominator Laughlin-Jain frac- 
tions occur among these states along with the (even- 
denominator) half-filled state. 

On a Haldane's sphere, Laughlin ^2 = {2q2)~^ states 
of bosons have 2I2 = 2q2{N2 — 1), and thus the Laughhn- 
correlated paired ly = 2/{q2 + 2) states occur at 



21 



92 



-A^-1 



92- 



(5) 



It is noteworthy that applying the particle-hole symme- 
try {N ^^ Nfi, where Nh = 21 + 1 — N is the number of 
holes in the isolated LL) to Eq. (^ generates a different 
series of states at 



21 



92 + 2 

92 



N+1. 



(6) 



That is because (in a finite system on a sphere) Laughlin 
paired states of electrons at v do not occur at the same 
values of 21 as the Laughlin paired states of holes at 1 — i^ 
(a similar effect was discussed in Ref. |3q ). 

If only a fraction 2N2/N < 1 of electrons formed 
pairs in a many-electron state, the correlations should 
be described in terms of N2 pairs (bosons) and Ni — 
N — 2N2 excess electrons (fermions). The pair states of 
one electron and one electron pair are labeled by L'12 = 
h + h — ^12 where h = I and TZi2 is any integer, and 
the electron-pair interaction is defined by V^i2(7^i2)- A 
multi-component MF composite particle (CP) transfor- 
mation can be used to account for the electron-pair hard 
core which forbids TZi2 < 2. In such transformation,LZI 
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FIG. 1. The pseudopotentials (energy vs. squared pair 
angular momentum) of the Coulomb interaction Vq in the 
lowest (n = 0) and two excited {n — 1 and 2) Landau levels 
(a), and of the model interactions Ux (b) and Wx (c), calcu- 
lated for Haldane's sphere with 2Z — 25. A is the magnetic 
length. 



each electron couples to pi2 — 2 flux quanta attached 
to each pair, and each pair sees equal number pi2 of 
fluxes attached to each electron (in addition to 2p2 fluxes 
that each pair sees on every other pair), giving CF and 
CB angular momenta I2 = h — ■^PuNi — ^2(^2 — 1) 
and II = li — ^pi2N2. It is easy to check that a full 
shell of A^ — 21 + 1 electrons (the i/ — 1 state) can 
be viewed as the only available state of N2 pairs and 
Ni = 21 + 1 — 2N2 excess electrons, in which the pairs 
condense at ^2 = ^'^d the electrons completely fill their 
CF sheh of 211 = Ni-1. 

If both electron-pair and pair-pair repulsions are 
super-harmonic, additional CP transformations can be 
used to select low energy states in which an appropriate 
number of electron-electron, pair-pair, and electron-pair 
pair states at the smallest TZi, 7?,2, and TZi2, respectively, 
are avoided. While the discussion of the multi-component 
electron-pair (boson-fermion) liquids rWjith Laughlin cor- 
relations will be presented elsewhere,E3 let us note that 
such a state might be a more appropriate description of 
the V = \ state than a fully paired 1^2 — s state. 

The idea of a paired incompressible GS at i' = | 
(half-filled ot-^j-l LL) has been suggested by a number 
of authors Jj'ES^Ea as the even-denominator fractions are 
characteristic of Laughlin-correlated systems of bosons. 
However, as shown in Fig. 0(a), the Coulomb pseudopo- 

tential Vq {TZ) in the first excited LL is almost harmonic 
(linear in L'{L' + 1)) rather than sub- harmonic between 
TZ = 1 and 5, and super-harmonic at larger TZ. Whether 
the above-sketched CP picture correctly describes cor- 
relations in the ^ = f state depends on whether the 

harmonicity (or weak supcr-harmonicity) of VJj {TZ) at 
7?. < 5 is sufficient to cause pairing. If only the pairs are 
formed, the pair-pair repulsion will certainly be super- 
harmonic (for the relevant TZ2) because the Coulomb re- 
pulsion in the n = 1 LL is sub-harmonic only for small 



7?., and not for electrons that belong to different pairs. 

It is noteworthy that inclusion of the effects of the fi- 
nite width of the quasi-2D electron layer even enhances 
the harmonicity of the Coulomb pseudopotential at short 
range. This is because the pseudopotential of the 3D 
Coulomb interaction V{r, z) ex Xj^Jr^ + z^ in a quasi-2D 
layer of width w can be well approximated by that of an 
effective 2D potential V(r) oc l/^/r"^ + <P with d = i«/5, 
and because V{r) « (1 — r^ /2(P)/d at small r. One can 
expect that other effects (such as due to the LL mixing) 
are too weak to produce large anharmonicity, and thus 
that the actual pseudopotential that occurs in the exper- 
imental systems is indeed nearly harmonic at 7?. < 5. 



(planar) system, and study correlations in these states. 

We have also identified two other series of non- 
degenerate GS's with fairly large excitation gaps. One 
series occurs at both odd and even values of N and at 
21 = 3-/V — 7, and these GS's correspond to the v = ^ 
filling in the TV — > cx) limit. The gaps for A^ = 8, 9, . . . , 
12 electrons are A = 0.0192, 0.0295, 0.0217, 0.0140, and 
0.0049 e^/A, respectively. From the particle-hole sym- 
metry, the other, conjugate {v = |) series occurs at even 
values of N and at 21 = |iV -I- 2. Note that neither of 
these series occur at the values of 21 given by Eqs. (||) 
or (^) corresponding to the Laughlin paired 1^2 = ^ (for 
V = ^) or V2 = \ (for i^ = |) state. 



VI. NUMERICAL ENERGY SPECTRA FOR THE 
COULOMB PSEUDOPOTENTIAL 



VII. NUMERICAL ENERGY SPECTRA FOR 
MODEL PSEUDOPOTENTIALS 



If an incompressible GS occurs in an infinite system at 
a certain filling factor v, and if the correlations responsi- 
ble for the incompressibility have a finite (short) range ^, 
then the i = (non-degenerate) GS's are expected to oc- 
cur in sufficiently large {R > ^) finite (spherical) systems 
for a series of electron numbers N and LL degeneracies 
21 + 1, such that N/{21 + 1) -^ ly ior N ^ 00. In partic- 
ular, for the I' = 5 filling (of the n = 1 LL; relevant for 
the J^ = I state) we expect such series at A^/(2/-|-l) -^ i, 
for which Nh/N ~* 1. The excitation gaps A above the 
L = GS's are generally expected to decrease as a func- 
tion of N (as the size quantization weakens) but it must 
converge to a finite value Aqo > in the N ^ 00 limit. 

We have calculated the energy spectra of up to 16 elec- 
trons filling -^ < i^ < I of the lowest, first excited, and 
second excited LL. Due to the particle-hole symmetry in 
an isolated LL {N <-> Nh), only the systems with Nh > N 
need be considered. The dependence of the GS degener- 
acy and excitation gap A on iV and 21 (i.e., on N and uX 
is different in different LL's. As pointed out by Morf,EHl 
near the half-filling of the n = 1 LL the non-degenerate 
(L = 0) GS's with the largest excitation gaps occur in 
systems with the even values of N and |iV — Nh\ = 2. 
This corresponds to even N and 21 = 2N — 3, the val- 
ues for the MR y = \ state, or its particle-hole conju- 
gate a|t-2Z = 2N -I- 1. Indeed, these numerical GS's were 
shownE3 to have large overlap with the spherical version 
of the exact MR trial wavefunction. Note also that, as 
given by Eq. (g), the value 21 = 2N — 3 describes the 

pairs. The excitation 
14, and 16 electrons 



Laughlin V2 ~ h state of 7?. = 1 



gaps for N 



4 



10, 12^ 



are A = 0.0192, 0.0258, 0.0220, and 0.0219 eVA, respec- 
tively. A similar series of non-degenerate (L — 0) GS's 
with slightly smaller gaps occur for all even values of 
N = Nh (i.e., at 21 = 2N - 1), except for N = 10. Both 
these series correspond to the half-filled n = 1 level (i.e. 
to ly = f ) in the iV — > cx) limit. In the following, we 
assume that the series of iV-electron GS's at 21 = 2N + 1 
in the n = 1 LL describes the v = ^ state of an infinite 



The pseudopotential of the Coulomb (ex r^^) interac- 
tion is different in different LL's. For 71 = it is super- 
harmonic in the entire range of 7?., while for n = 1 it is 
super-harmonic at 7?. > 5 but harmonic between TZ = 1 
and 5. To study the transition of the electron system at 
1/ > i from the Laughlin- to MR-correlated phase we use 
a model pseudopotential Uxiji-) shown in Fig. |l|(b), for 
which Ux{l) = 1, Ux{n > 5) = 0, and U^ii) = x ■ Vh(3), 
where Vh(3) is the "harmonic" value defined so that Ui 
is linear in L'{L' -f 1) for 7?. between 1 and 5. The Ux{TV) 
is intended to model the anharmonic part of a repulsive 
(Coulomb) pseudopotential (at short range). The omit- 
ted harmonic part does not affect many-electron wave- 
functions and only results in a shift of the entire energy 
spectrum by a constant ex L{L -\- 1). The variation of 
X in UxiTV) from x = through x = 1 up to a; > 1 
(super-harmonic, harmonic, and sub-harmonic at small 
TZ, respectively) allows calculation of wavefunctions and 
energy spectra of systems whose low energy states have 
well known correlations (Laughlin correlations at x = 
and pairing or grouping into larger clusters at x 3> 1), 
and their comparison with those of Coulomb pseudopo- 
tentials for different n. The comparison of the n — 1 
Coulomb energy spectra with the spectra of Ux with 
X = 0, i, 1, 2, and 5 is shown in Fig. g for the sys- 
tems of iV = 8 (a-f), 10 (a'-f), and 12 electrons (a"-f") 
at 2/ = 27V + 1, in which the MR GS occurs in the n = 1 
LL. The energy scale is not shown on the vertical axes 
because the graphs are intended to show the structure of 
low energy spectra rather than the values of energy (the 
values obtained for the model pseudopotentials scale with 
C/a;(l), which wc arbitrarily set equal to unity, and should 
include additional energy due to the neglected harmonic 
part of the pseudopotential) . 

In the spectra for x < 1 (b-b" and c-c") the low lying 

states have Laughlin correlations and can be understood 

within the CF (or Haldane's hierarchy) picture. For the 

three systems used in our example, the lowest states are 

Jain J^ = I GS at i = and the band of excited states 
5 
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FIG. 2. The A'^-electron energy spectra (energy vs. angu- 
lar momentum L) on a Haldane's sphere: N = 8 and 21 = 17 
(a-f), N = 10 and 21 = 21 (a'-f), and iV = 12 and 21 = 25 
(a"-f"), calculated for the Coulomb pseudopotential in the 
first excited Landau level Vq (a-a"), and for model inter- 
action Ux with X between (b-b") and 5 (f-f"). Circles and 
lines mark the lowest energy states. The Moore-Read v = \ 
state is the ground state in each Coulomb spectrum. 
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FIG. 3. The A'^-electron energy spectra (energy vs. angu- 
lar momentum L) on a Haldane's sphere: A'^ = 9 and 21 — 20 
(a-f), iV = 10 and 21 = 23 (a'-f), and iV = 11 and 21 = 26 
(a"-f"), calculated for the Coulomb pseudopotential in the 
first excited Landau level Vq (a-a"), and for model inter- 
action Ux with X between (b-b") and 5 (f-f"). Circles and 
lines mark the lowest energy states. The incompressible i^ = ■I 
state is the ground state in each Coulomb spectrum. 



at 2 < L < 6 containing a quasielectron-quasihole (QE- 
QH) pair (b'-c'), and the states containing a pair of QH's 
(b-c) or QE's (b"-c") in the i^ = | state. 

While it is well known that the energy spectra for x < 
1 are similar to the Coulomb spectra in the lowest LL, 
they are clearly different from those in the first excited 
LL. As expected from the behavior of V(^ (T^), the best 
approximation to the n = 1 Coulomb spectra is obtained 
for Ux with a; w 1. Regardless of the value of GS angular 
momentum in the x = spectra, the L = GS's occur 
in all the three systems at a; = 1. At a; ^ 1, when Ux{TZ) 
becomes strongly sub-harmonic between TZ = 1 and 5, 
the L — GS persists in some systems (f and f ) but not 
in others (f). 

Similar plots for the i^ — I spectra of A^ — 9, 10, and 



11 electrons at 21 = 3iV— 7 are shown in Fig. Kl For each 
iV, the low lying states of super-harmonic pseudopoten- 
tials Uo (b-b") and U0.5 (c-c") contain four QE's in the 
Laughlin 1^ — ■h state, while the Coulomb spectra in the 
n — 1 LL (a-a") all have a L = ground state with a 
significant excitation gap, and all resemble the spectra of 
harmonic and sub- harmonic pseudopotentials Ui (d-d"), 
U2 (e-e"), and C/5 (f-f"). 



VIII. CORRELATIONS IN LOW LYING STATES 



To find out if the correlations dX v — ¥: or -^ can be 



5 

2 "" 3 
understood in terms of electron pairing, we have analyzed 

the CFGP's of low lying states near the half filling. In 



N=8, 21=17, L=0 



N=1 0,21=21,1=0 



10,21=23, 




N=12, 21=25, L=0 



N=12, 21=29, L=0 



N=14, 21=29, L=0 



13 17 21 



FIG. 4. The pair-correlation functions (coefficient of frac- 
tional parentage Q vs. relative pair angular momentum 7?.) in 
the lowest energy L = state of A'' electrons on a Haldane's 
sphere: iV = 8 and 2? = 17 (a-c), N = 10 and 21 = 21 (a'-c'), 
and A'' = 10 and 21 — 23 (a"-c"), calculated for the Coulomb 
pseudopotential in the lowest (a-a"), first excited (b-b"), and 
second excited (c-c") Landau level, and for the appropriate 
model interaction Ux or Wx- 
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FIG. 5. The pair-correlation functions (coefficient of frac- 
tional parentage Q vs. relative pair angular momentum TV) in 
the lowest energy L = state of A*' electrons on a Haldane's 
sphere: TV = 12 and 21 = 25 (a-c), iV = 12 and 21 = 29 
(a'-c'), and N = 14 and 21 = 29 (a"-c"), calculated for the 
Coulomb pseudopotential in the lowest (a-a"), first excited 
(b-b"), and second excited (c-c") Landau level. 



Fig. ^ we show some examples of the full GiTl) profiles 
(pair-correlation functions) calculated for the lowest L = 
states of eight and ten electrons at 2/ = 2N + 1 (i^ = |) 
and 2/ = 3iV - 7 (i^ = |). The N = 8 state at 21 ^ 17 
(a-c) contains two QH's in the incompressible v — ^ 
state for the Coulomb interaction in the lowest LL, and 
it becomes a MR GS with a large excitation gap in the 
first excited LL. The iV = 10 state at 21 = 21 (a'-c') is 
the Jain i^ = | state in the n — LL, and the MR state 
for n = 1. Finally, the A^ = 10 state at 21 = 23 (a"-c") 
contains four QE's in the Laughlin i^ — ^ state in the 
n = LL, and it is the ^ = I state for n = 1. 

It can be seen in Fig. H(a~a") that for all three sys- 
tems, the (Laughlin) correlations obtained for the n = 
Coulomb interaction are well reproduced by the model 
super-harmonic interaction Ux with a; = (the Laugh- 
lin correlations mean that the parentage ^(1) from the 
TZ = 1 pair state is minimized). From Fig. ^(b-b"), the 
correlations in the n = 1 LL are quite different, and they 
are better reproduced by the model interaction Ux with 
X = 1 (harmonic at short range). Clearly, the Laughlin- 
like "correlation hole" at 7?, = 1 characteristic of low lying 
states in the n — LL is absent for n = 1. Instead, the 
total parentage from the two states at 7?, = 1 and 3 is 
minimized, which results in the shift of the maximum of 



GiTi-) from 7?. = 3 (as is for n = I) to TZ = 5. Finally, the 
correlations for n = 2 shown in Fig. H(c-c") are not well 
reproduced by Ux with any value of x. A better approx- 
imation is obtained for a model pseudopotential Wx{TZ) 
shown in Fig. 0(c), for which Wx{l) = 1, WxiTl > 7) = 0, 
Wx{3) = x-Vii{3),andWx{5) = x-Vii{5), that is Wx (7^) 
is harmonic between TZ — 3 and 7, and x controls har- 
monicity between 7?. = 1 and 5. Similar plots for larger 
systems of A*" = 12 and 14 electrons interacting through 
Coulomb pseudopotentials are shown in Fig. H. In the 
n = 1 LL, all three L = states in frames (b-b^ are the 
incompressible ground states at j/ = | or ^. 

Let us note that a tendency of G to decrease with in- 
creasing TZ), observed most clearly at larger TZ (i.e., at 
separations beyond the correlation length), is character- 
istic of the closed (spherical) geometry. For example, G 
decreases linearly as a function of TZ) for the ly ^ I state) . 
However, the occurrence of minima and maxima in G(TZ), 
i.e. the differences between the values oiG at neighboring 
values oi G, is independent of the geometry. 

The above-described change of correlations when n 
changes from to 1 and 2 occurs for all low energy 
states (not only for the GS or the L = sector) and 
at any filling factor v between about ^ and |. Since the 
(Laughlin) correlation hole at small "^ results from the 
super-harmonicity of the pseudopotential at short range, 
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FIG. 6. The dependence of the coefficients of fractional 
parentage Q from pair states at the smallest values of relative 
pair angular momentum, 7^ = 1, 3, and 5, on the anharmonic- 
ity parameter x of the model pseudopotentials Ux (abc) and 
Wx (def), calculated for the lowest L = state of A'^ electrons 
on a Haldane's sphere: N = S and 21 = 17 (ad), N = 10 
and 21 = 21 (be), and A^ = 10 and 21 = 23 (cf). The values 
of Q for the Coulomb pseudopotential in the lowest and two 
excited Landau levels are marked with symbols. 



it is not surprising that this hole changes from a single 
pair state at 7?, = 1 (for n = 0) to a couple of pair states 
at 7?. = 1 and 3 (for n = 1) or at 7?. = 3 and 5 (for 
n = 2), when the range of TZ in which the (Coulomb) 
pseudopotential is sub-harmonic changes with n. 

The crossover between the Laughlin correlations and 
pairing is best observed in the dependence of the CFGP's 
at a few smallest values of TZ on the anharmonicity pa- 
rameter X of the model interaction Ux- In Fig. Owe show 
the plots of 5(1), Q{i\ and 5(5) for the same lowest 
L — Q states as in Fig. Q, that is states of eight electrons 
at 2/ = 17 (a) and of ten electrons at 21 — 21 (b) and 23 
(c), obtained for the Ux interaction. At a; < 1, when Ux 
is super-harmonic in the entire range of 7?., the Laugh- 
lin correlations occur, meaning that 5(1) is close to its 
minimum possible value. As long as the interaction is 
super-harmonic (at short range), the values of CFGP's 
(and thus also the wavefunctions) weakly depend on the 
details of the pseudopotential (here, on x). At a; > 1, cor- 
relations of a different type occur, which persist up to the 
X — *■ cxD limit. These correlations mean avoiding as much 
as possible the pair state at 7?, = 3 (i.e., the most super- 
harmonic part oiUx)^ which results in a large parentage 
from TZ = 1. The abrupt crossover between the two types 



of correlations occurs near x — 1, where 5(1) quickly in- 
creases from its minimum value, 5(3) drops to its min- 
imum value, and a maximum occurs in 5(5). At the 
crossing points in frames (ab), 5(1) is close to the value 
(iV-l)"i describing N2 ^ \N pairs each with 7^ = 1. To 
obtain this value, which we will denote by 5^3x2(1), we 
use the fact that the contribution of each v = \ droplet 
of N' electrons to the total number \N{N - 1)5(1) of 
Tl= 1 pairs is iA^'(A^' — l)5ix7V'(l)7 where the coefficient 
5ixw(l) describes an isolated droplet. 

The CFGP's calculated for the Coulomb pseudopoten- 
tials with n = and 1 are marked in Fig. |6| with full 
symbols. The symbols are plotted at arbitrary values of 
X to show that the correlations for V^ can be well repro- 
duced by Ux with a finite x < 1, and that the correlations 
for Vq are well approximated by Ux with x « 1. 

The most important conclusion from Fig. g is that the 
correlations in the partially filled (in particular, half- 
filled) LL are very sensitive to the harmonicity of the 
pseudopotential at short range, and the largest (small- 
est) number of pairs occurs at those of small values of 7?., 
at which V{'R-) is sub- (super-) harmonic. The Coulomb 

pseudopotential V^ in the n — 1 LL is nearly harmonic 
between TZ — 1 and 5, and thus the correlations it causes 
correspond to the crossover point between the sub- and 
super-harmonic regimes. The number of 7?. = 1 pairs in 
the (MR) GS at z^ = | is almost equal to half the number 



of electrons, ^N . This is consistent with the notion of 
the paired character of the (MR) ground state, and sup- 
ports its interpretation at the Laughlin paired V2 = ^ 
state. The v = \ GS shown in Fig. o does not occur at 
the value of 21 given by Eq. (||) or (^). Also, the value 
of 5(1) in this state seems smaller than 5^2x2(1)- This 
precludes a description of this state as involving Laughlin 
correlations among ^N electron pairs each with TZ = 1. 

(2\ 

The correlations induced by VJj are different from 
those in the n = or n = 1 LL and cannot be modeled by 
Ux. The reason is that Vq is not super-harmonic up to 
7?. = 7. A better approximation is obtained using model 
pseudopotential Wx{TZ). The plots of 5(1), 5(3), and 
5(5) for the Wx interaction in Fig. ra(def) show a simi- 
lar break-up of Laughlin correlations at x « 1 as those 
for Ux- It is clear that the correlations in the n — 2 LL 
can be modeled by Wx with an appropriate x > 1, and 
also that the effective value of x (i.e., the correlations) 
depends on v. It can be expected that the tendency to 
occupy the TZ = 1 state and to avoid the TZ = i and 5 
states will cause grouping of electrons into larger v = 1 
droplets. Indeed, the values of 5(1) for the Coulomb 
states in Fig. ||(def) are much larger than 5Ar2x2(l)- 

More insight into the nature of correlations in different 
LL's can be obtained from Figs. and g, in which we plot 
the dependences of the excitation gap A and parentage 
coefficients G{TZ) for a few smallest values of TZ on the 
value of 21 (i.e., on v). The gaps A are taken from the 
L = GS's, and we set A = when the GS has L 7^ 0. 
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FIG. 7. The dependence of the excitation gap (abc) and 
the coefficients of fractional parentage G from pair states at 
the smallest values of the relative pair angular momentum, 
7?, = 1, 3, 5, and 7 (def) on 21, calculated for the ground states 
of A'' = 10 electrons on a Haldane's sphere, in the lowest (ad) , 
first excited (be), and second excited (cf) Landau levels. For 
degenerate ground states (L 7^ 0) the gap is set to zero. 
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FIG. 8. The dependence of the excitation gap (abc) and 
the coefficients of fractional parentage Q from pair states at 
the smallest values of the relative pair angular momentum, 
7?, = 1, 3, 5, and 7 (def) on 21, calculated for the ground states 
of A'^ = 12 electrons on a Haldane's sphere, in the lowest (ad), 
first excited (be), and second excited (cf) Landau levels. For 
degenerate ground states (L 7^ 0) the gap is set to zero. 



The CFGP's are calculated for the absolute GS's of N 
electrons at given 2/ (not the lowest energy L = state) . 

The comparison of curves for A'' = 10 and 12 con- 
firms that to minimize total interaction energy at any 
h', electrons interacting through a pseudopotcntial V{TZ) 
avoid as much as possible the total parentage from pairs 
states corresponding to Vah(''^) > 0. Because of relation 
(0) , minimization of parentage from those most strongly 
repulsive pair states implies large parentage from less 
strongly repulsive pair states at the neighboring values 
of TZ. Thus, for n — the occurrence of incompressible 
Laughlin-Jain states with large A coincides with down- 
ward peaks in ^(1) and upward peaks in G{3). For n — 1, 
where Q{1) + 5(3) is minimized, large A coincides with 
upward peaks in ^(5). Finally, for n = 2 the occurrence 
of gaps seems to be connected with the behavior of G{7)- 

Note that in the n = 1 LL, the gap A = 0.0049 e^/A 
in the A^ = 12 electron system at 21 = 29 is smaller than 
the gaps for A/ < 11 at the same filling factor (given 
by 21 — 3N — 7) and than the gap for A^ = 12 at a 
neighboring 2/ = 28. The diminishing of A as a function 
of N in the 21 — 3N — 7 series of GS's indicates that 
this series might not describe the observed incompressible 
1^ — -^ state in the N -^ 00 limit. In any case, it remains 
true that the occurrence of a finite-size L = GS with 
a large gap (A = 0.0201 e^/\) at N ^ 12 and 21 = 28 
coincides with an upward cusp in ^(5). 

The occurrence of similar maxima in G{5) at 1/ — |, 
|, and I (or, more exactly, at the values of A^ and 
21 at which non-degenerate GS's with large gaps oc- 
cur) for n = 1 indicates common correlations in these 
three states, different from those in other LL's. We have 
marked the values of tj ( 1 ) corresponding to grouping of A^ 



electrons into ^A^ pairs, Gn2x2{^) — {N — 1)^^. Clearly, 
the average number of TZ — I pairs decreases with in- 
creasing 21 which seems to disagree with the prediction 
of Laughlin paired ^'| = {2q2)~^ states for all values of 92 
between 1 and 4 (for Laughlin paired states one should 
expect C/(l) « (A''— 1)~^ independently of 21). However, 
the number of 7?. = 1 pairs is roughly equal to ^A^ for 
21 corresponding to the MR state at :/ = |, which sug- 
gests the Laughlin paired 1^2 = j state as an appropriate 
description at this particular filling. 

The observation that G{1) in the n = 1 LL decreases 
monotonically as a function of 21 and that G{1) ~ {N — 
1)~^ at 1/ — I suggests that all A^ electrons form pairs 
at exactly v ~ %: but only a fraction of electrons pair 
up (A''2 < ^A^ and A^i > 0) when z/ < |, and some pairs 
are replaced by larger v = 1 clusters (e.g., into three- 
electron droplets each with Ij, — 'il — 3) when v > ^. The 
break-up or clustering of pairs can be understood from 
the behavior of the effective pseudopotentials describing 
interaction between electrons, pairs, and larger drpalets, 
and will be discussed in a subsequent publicationEj 

In the n = 2 LL, the average number of 7?, = 1 pairs 
is larger than ^AL-iiidicating formation of larger v = 1 
droplets (stripestJtJ) separated from one another. As 
marked in Fig. ^(f), in the (fairly small) A^ = 12 electron 
system, ^(1) « ^4x3(1) = |(iV - 1)"! near the half- 
filling, which corresponds to four three-electron droplets. 



IX. CONCLUSION 

Using exact numerical diagonalization in Haldane's 
spherical geometry we have studied electron correlations 



near the half-filling of the lowest and excited LL's. We 
have shown that the electrons interacting through a 
pseudopotential V{TZ) generally avoid pairs states cor- 
responding to large and positive anharmonicity of V{TZ). 
We have shown that as a result of different behavior 
of V{TZ) in different LL's, the correlations in the ex- 
cited LL's are different than the Laughlin correlations 
in the lowest LL. This confirms different origin of the 
inconipressibility of the i' — ^ and | GS's. In par- 
ticular, correlations in the partially filled first excited 
(n = 1) LL depend critically on the harmonic behav- 
ior of the Coulomb pseudopotential at short range, and 
are destroyed when the pseudopotential becomes either 
strongly super-harmonic (as for n = 0) or strongly sub- 
harmonic (as for n = 2). The Moore-Read incompress- 
ible state at J/ = I occurs at the LL degeneracy (fiux) 
given by 21 = 2A^-3 (and 21 = 2N+1 for its particle-hole 
conjugate). This value of 21 and the calculated CFGP's 
for the low lying states indicate that the Moore-Read 
V — % state can be understood as a Laughlin correlated 
z/| = i bosonic state of electron pairs. Although other 
filling factors at which inconipressibility is observed in 
the n — 1 LL {v — '^ and |) also arise in the sequence of 
Laughlin paired 1^2 — (2(72)""'^ states, we find no evidence 
that these are the actual Coulomb GS's. The two series 
of finite-size non-degenerate GS's that we find in our nu- 
merical calculations and that extrapolate to i^ = 4: and | 
for A^ ^ 00 occur at 2^ = 37V ~ 7 and |iV + 2. These val- 
ues of 21 are different from both these of Laughlin-Jain 
GS's at I' = I and | in the n = LL, and those of the 
hypothetical Laughlin paired states at i^2 ~ | ^^'^ \- 
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